Quasienergy spectrum of kicked Harper model is found to exhibit a series of diabolic crossings. These conical degeneracies reside mostly on the symmetry line of its two-dimensional parameter space and their location is found to coincide with the location of maxima of the kinetic energy of the kicked system. Additionally, there are also branch point singularities, the exceptional points, that are associated with avoided crossings and are obtained by analytically continuing the kicking parameter in the complex plane. The location of these singularities also appear to be closely correlated with the maxima and minima of the kinetic energy, suggesting a correlation between the transport and the topological characteristics of the system. PACS numbers: 03.65.Vf, 05.45.Mt Double-cone or diabolo geometry characterizes the accidental spectral degeneracies of a typical quantum systems with real Hamiltonian. Such degenerate points are referred as Diabolic points[1](DP) and correspond to the special points where the eigenfunctions are not singlevalued: as one varies parameter in a closed loop enclosing the point, the wave functions acquire a phase factor, known as Berry phase, that depends on the history of the path and hence is of purely geometric origin. It is interesting that the occurrence of this crossing of eigenvalues in parameter space is sensed by a circuit that does not pass through the degeneracy, but simply encloses it. This is analogous to the electrostatic where the Gauss sphere of arbitrary radius detects an electric charge. In fact, the presence of a DP leads to monopole-type singularity with a fictitious (geometric) monopole at the diabolic point. [2] In contrast to DPs that correspond to the crossings of the levels, there are singularities that are associated with the avoided crossings and are referred to as exceptional points (EP) [3] . Such avoided crossings may become crossings , when the parameter is continued analytically in the complex plane. In fact at the EPs, the levels coalesce, and the two eigenvectors become parallel. The point of coalescence is a branch point and the EPs are consequence of topological structure of Riemann sheets at branch point.
Double-cone or diabolo geometry characterizes the accidental spectral degeneracies of a typical quantum systems with real Hamiltonian. Such degenerate points are referred as Diabolic points [1] (DP) and correspond to the special points where the eigenfunctions are not singlevalued: as one varies parameter in a closed loop enclosing the point, the wave functions acquire a phase factor, known as Berry phase, that depends on the history of the path and hence is of purely geometric origin. It is interesting that the occurrence of this crossing of eigenvalues in parameter space is sensed by a circuit that does not pass through the degeneracy, but simply encloses it. This is analogous to the electrostatic where the Gauss sphere of arbitrary radius detects an electric charge. In fact, the presence of a DP leads to monopole-type singularity with a fictitious (geometric) monopole at the diabolic point. [2] In contrast to DPs that correspond to the crossings of the levels, there are singularities that are associated with the avoided crossings and are referred to as exceptional points (EP) [3] . Such avoided crossings may become crossings , when the parameter is continued analytically in the complex plane. In fact at the EPs, the levels coalesce, and the two eigenvectors become parallel. The point of coalescence is a branch point and the EPs are consequence of topological structure of Riemann sheets at branch point.
The importance of DPs have been emphasized in molecular as well as in nuclear spectrum. [2] Laserinduced degeneracies in atoms provide experimental systems for studying the topology underlying the DPs. [4] The importance of EPs has been discussed in dissipative resonators and the experiments have confirmed the topology underlying an EP. [5] In this paper, we discuss topological singularities associated with a nonintegrable system whose classical limit exhibits chaotic dynamics. Our study illustrates the importance of these topological singularities in the transport characteristics of the model.
As pointed out by Berry [6] , when detached from their original quantum mechanical context, the diabolic connection and the associated geometric phase is in fact a property of matrices. In the simplest case of real symmetric 2X2 matrix with real eigenvectors, the eigenvectors change sign as one changes two parameters around a closed circuit which encloses a diabolic degeneracy. Essential aspects of DPs as well as EPs have been discussed using 2X2 matrices. [1, 3] As we discuss below, the kicked Harper model [7, 8] with Planck constanth/2π = 1/N , (N is an integer), exhibits a series of topological singularities whose exploration involves the study of N XN matrices. The special case of N = 2 corresponds to one of the most dominant resonance of the model.
The kicked Harper Hamiltonian characterized by two parameters L and K is,
The model has been studied in various contexts in both the classical and the quantum limits. [8] In its twodimensional parameter space, the quantum dynamics of this non-integrable mixed phase space system is extremely complex. For incommensurate case, whereh/2π is an irrational number, along the symmetry line K = L the eigenfunctions and the spectrum exhibit fractal characteristics. Furthermore, intricately nested localized and ballistic phases for L > K have their dual image of ballistic and localized phases for K > L. [9] These aspects can be understood from the fact that the model exhibits self-duality along the symmetry line. For resonant case whereh/2π is a rational number, the quasienergy states are extended for almost all values of K and L. In this case, the significance of self-dual property has not very transparent. Our studies of the resonant regime brings out a novel aspect of the self-dual line, as the diabolic singularities are found to exist mostly along this symmetry line.
For the δ-kicked system, the time evolution operator U for one period, with U ψ(t) = ψ(t + 1) factors as,
Since the Hamiltonian is periodic in t, we consider the floquet states, ψ(t) = e iωt φ ω (t). Here ω is the quasienergy of the system and φ ω (t) = φ ω (t + 1). This leads to an eigenvalue equation for U : U φ ω = e iω φ ω . For h/2π = 1/N , the time evolution operator can be reduced to a N XN matrix. Its matrix elements are computed in the plane wave basis e imx wherehm is the quantized angular momentum of the unkicked system. We have N eigenstates, parameterized by the Bloch vector κ. Varying κ is like varying boundary conditions, summing over all boundary conditions give us a band of states, and a band of eigenvalues. Special case of κ = 0, corresponds to periodic boundary conditions. As N increases, the width of the quasienergy bands decreases and therefore higher order resonances are difficult to observe in an experiment. In fact N = 1, 2 were the subject of very extensive theoretical and experimental studies in a kicked rotor model. [10] In this paper, we explore the model analytically for N = 2 and study higher order resonances numerically. For investigating topological singularities, we study the model for real kicking parameter K as well as for the case where K is analytically continued in complex plane.
For N = 2, the one-step time evolution operator in the plane wave basis is a 2X2 matrix,
The eigenvectors of the matrix can be written as, e 1 = (cos(β)e iφ , sin(β)e −iφ ) and e 2 = (sin(β)e −iφ , − cos(β)e iφ ). where β and φ are given by,
The corresponding eigenvalues are,
We have studied topological singularities of the 2-level (fixed κ ) and 2-band (with 0 ≤ κ ≤ π) system. We first discuss the degeneracies of the N = 2 (h = π) resonance for real K and L. For Bloch vector κ = 0 , the two levels become degenerate with ω c = 0 ( mod (2π)), at the critical values of the parameter,K c = nπ,L c = mπ as the quantity in the square root in Eq. (4) vanishes. For κ = π/2, there is also a crossing at ω = π atL c = mπ, irrespective of the K value. It turns out that the crossings for κ = 0 are diabolic in K−L space. ( See figure 2) Since cos(ω) = cos(K) cos(L) ( from Eq. (3)), linearizing about these points, we get 2 ) for κ = 0 and class C(K = π 2 ) for κ = π/2. 
seen by considering a small parametric loop of radius r around this point: K = K c + r cos θ and L = L c − r sin θ as we vary 0 ≤ θ ≤ 2π. Linearizing in r, from Eq. (3) we get tan β ≈ − tan(π/4 − θ/2). Thus as we go around the crossing points K c = L c = nπ 2 , θ → θ + 2π, and β → β + π and hence the wave functions change sign. In
In addition to various crossings, there are also avoided crossings as shown in the figure 1. Firstly, for κ = 0 on K = L line, the avoided crossings occur mid way between the diabolic crossings: that is at atK =L = (2n + 1)π/2, with n = 0, 1, 2, .... These avoided crossings may become crossings as K is analytically continued in the complex plane. We consider crossings in the complex K plane that occur along the imaginary K-axis. With K → iK in equation (4), the exceptional points are given by the branch point singularities of the equation. They are genuine crossings in the complex K plane where both the real and the imaginary part of ω coalesce. Additionally, there are crossings associated either with the real or the imaginary part of the quasienergies . Such crossings have been referred as type I and type II respectively. [11] In our studies, we encounter three different types of EPs which we distinguish as class A, B and C. For the class A EPs, the type I and the type II crossing lines meet. For class B(C) , the EPs are characterized by the meeting of two type II(I) lines. All these three are shown in the left captions of figure 1. Along the K = L line ( where K is along the imaginary axis), the first EP occurs at K/π ≈ 1.89, and is of class A. At this point, the levels move from real to complex plane. As K increases, there are series of EPs that are of type B and that lie exponentially close ( on the imaginary K axis) to the avoided crossings atK = [(2n + 1)π/2.
Diabolic crossing at K c = L c when κ = 0 turns into a family of avoided crossings as the Bloch vector κ becomes non vanishing. By analytically continuing K in the complex plane, we have studied global crossing scenarios. For non vanishing values of the κ, the real part of quasienergies cross at K = nπ 2 i and L = nπ 2 for all values of κ resulting in the band collapse. However, imaginary part of the quasienergies remain distinct and thus we have type I crossings for all values of κ = 0. For the special case of κ = π/2, the non-diabolic crossing for real K becomes an EP of class C in the complex -K plane. So far we have discussed crossings only on the symmetry line, K = L ( or |K| = L, for imaginary K.) As we move away from the symmetry line, K = L, no diabolic crossings were found unlessK = nπ andL = mπ. However, avoided crossings continue to exist throughout the the two-dimensional parameter space.
To investigate the importance of topological singularities, we calculate the kinetic energy of the model, (using plane wave initial conditions ) for fixed number of kicks. As we vary the parameters, the kinetic energy shows oscillatory behavior with peaks and valleys that appear to be correlated with the topological singularities. The local maxima of kinetic energy was always found to occur at the location of diabolic crossings for κ = 0, where we also have an exceptional point of class C for κ = π/2. For parameters that are off the symmetry line, typically, we did not find diabolic points, but maxima of the kinetic energy were found be always accompanied by the EPs of class C. As N increases, new scenarios emerge due to additional quasienergy bands. Our detailed analysis of higher order resonances (N > 2) shows that various crossing scenarios and the associated EPs and DPs as discussed above continue to exist in the higher order resonances. Figure 3 illustrates this for N = 6 case on the symmetry line. The diabolic connection at K/π ≈ 1.4 for κ = 0 is further illustrated in figure 4 . New aspect here is that the conical intersection of two energy surfaces is intercepted at the diabolic point, by an another energy surface. In analogy to N = 2 case, this diabolic crossing becomes a non-diabolic crossing for κ = π/2 and along the imaginary K-axis, we have class C exceptional point. For other values of κ, we see a family of avoided crossings. In the complex plane ( along the imaginary K-axis), the real part of the two central quasienergy bands collapse. These characteristics on the symmetric line at the critical value of the parameter where a diabolic crossing exists is common with the N = 2 resonance. New feature seen in N = 6 case at same critical point is a pair of type B exceptional points. Finally, this critical parameter value with a variety of crossings also corresponds to the point where the kinetic energy exhibits a local maximum. The local minimum of the kinetic energy is located at the band collapse, sandwiched between two type A exceptional points. In general, topological singularities were found to exist at or near extrema of the kinetic energy.
Detailed study of various resonances in twodimensional parameter space shows that that the diabolic crossings are mostly confined to the K = L line. In fact all crossings with κ = 0 on the symmetry line were found to be diabolic, irrespective of the N values. We would also like to mention that diabolic crossings were also seen for other values of κ. For example, for N = 10, there exists a DP at ω = 0, with K = L ≈ π when κ ≈ .275π.
As N increases ( orh decreases), analysis of topological singularities become difficult. Detailed study of topological singularities in the semiclassical limit is beyond the scope of this paper. However, we believe that the locations of DPs as well as EPs in parameter are correlated with the location of accelerator modes [12] in the corresponding classical system ash → 0. This is due to the fact that in the semiclassical limit, the enhancements in the quantum transport can be usually traced to the enhancements in the classical transport which have their origin in the accelerator modes. In fact, we believe that the diabolic crossing of figure 4, (also observed around same parametric window for N = 10) may be linked to period-2 accelerator mode in the classical system. Our study suggests a relationship between the quantum topology and the nonlocal classical structures and further studies are needed to confirm the validity and generality of these relations.
In summary, the kicked Harper model provides an interesting example of a nonintegrable system exhibiting a wide variety of topological singularities. The conical intersection in ω − K − L surface is typically found on the self-dual line and this brings out an interesting characteristics of the symmetry line for the resonant model. Importance of diabolic as well as branch point singularities lies in the fact that their location appear to be correlated with the extrema of the kinetic energy.
The study of quantum transport in systems whose classical limit is chaotic is one of the most active frontiers. This paper demonstrates the fact that quantum transport in a nonintegrable system is strongly influenced by topology. Importance of topology in delocalization of symmetric kicked Harper was also the subject of an earlier study. [7] Various experimental realizations of kicked Harper has been proposed. [13] In general, finding topological singularities, by numerically detecting a crossing point can be quite demanding. However, since their location coincides with the minimum or the maximum of the kinetic energy, we have an easier method to trace the topological singularities. By correlating transport and topological singularities, one may have a new experimental realization of the fascinating conical and branch point topologies. The research of IIS is supported by National Science Foundation Grant No. DMR 0072813.
